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Stable and unstable boundary conditions for various explicit and implicit schemes for the
linear two-dimensional wave equations are discussed. A modal analysis is used to analyze
stability.

INTRODUCTION

Recently much more attention has been given to the effect of boundary conditions
on the overall stability of finite-difference calculations employing schemes which are
stable for the pure initial value problem. The basic theoretical approach was
established in a series of papers by Kriess [1, 2], Osher [3, 4], Gustafsson et al. [5},
and others. Surveys of these and more recent developments can be found in [6, 7].

More recently Gustafsson and Oliger [8] and Yee et al. 9] considered, among
other things, the scalar-outflow boundary condition (i.e., the numerical boundary
condition which cannot be specified for the original PDE problem but must be given
for the system of difference equations) in the case of a class of one-dimensional
algorithms given by

p(E) U} = At0(E)US, , — Uj- )/ (24x), (1a)
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where E is the shift operator defined by EU} = U} "', and p(E) and o(E) are defined
by

PE)Y=(1+EE —(1+2)E+¢ (1b)
0(E)=0E* + (1 — 6 + $)E — ¢. (Ic)

This class of algorithms contains both explicit and implicit schemes. For example,
E=—1, #=¢=0 yields the leapfrog method and é=¢=0, =1 yields the
backward Euler scheme. One may find tables listing other combinations in [8, 9]. The
methods defined by Eqgs. (1) solve numerically the linear partial differential equation

U=U,. (2)

The constant coefficient of U, was absorbed, without loss of generality, by
“stretching” the coordinate x.
For the present study we consider the PDE

é 8
U= FU) + 55 G) 3)

in the half space 0 < x < o, —w < y< oo (£>0), where for the purpose of the
(linear) stability consideration we may set F=G=U, and A=A4t/4x = A4t/4y.
Within the limitation of linear stability analysis this assumption is not severe since by
“stretching” the x, y, and ¢ coordinates one may account for different (constant) coef-
ficients in partial differential equation (3).

We investigate the effect of imposing at x =0 the same type of extrapolations
considered by Yee ef al. [9] and Gustafsson and Oliger [10]. The analytical results,
based on the Gustafsson-Kreiss—Sundstrém theorem, are obtained for the 2-D
explicit Burstein [10,11] and MacCormack [12] schemes and for the implicit
backward Euler and Crank-Nicolson schemes. The results are summarized in the
following sections.

STABILITY OF Two-DIMENSIONAL EXPLICIT SCHEMES

We first consider the two-step explicit algorithm due to Burstein [10, 11]. It is
second-order accurate both in time and space and is given by

an.;(. 1z ::ux:uy U,;,,k + (At/z)(axﬂy UJ"'J( + 6ylux UJ"l.k)’ (43)
Ul =Uj, + 410, Ur Y2 + 6,u, UTEY). (4b)
The difference operators J, and ¢, are defined by

0, Uj = (Ui 126 — Uj124)/4x  and Jy Ulv= Ul yi1— Ul k- 1,2)/4y.
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The averaging operators 4, and g, are defined by
Ul = (Ul 1 px + Ufs1p)/2 and p Uj = (Uf jyi0 + Ui 10)/2.

For the pure initial value problem the stability condition is 4 < 1//2.

At this point we would like to describe briefly the procedure for checking stability
for the initial boundary value problem in the half space. The analysis is based on
assuming that the finite difference equations have solutions of the type

Ut =z, (5)
where the indices n, j, k are those appearing in the finite difference schemes and
i=y/—1. For |k|< 1, |z]| > | indicates instability and |z| < 1 establishes stability. If
we get a solution such that |z| = |k|= 1, we will check the origin of this solution, i.e.,
how does a perturbation in x affect z.

Substituting Eq. (4a) into (4b) and using Eq.(5) one gets, after some
manipulations, the following characteristic equation:

k(z ~ 1) = (A/4)(x — D)(x + 1)(1 + cos n) + (A2/2)((x* + 1) cos n — 2k)
+i(A/4)(x + 1)? sin 7+ i(A?/2)(x — 1)(x + 1) sin 7. (6)
Consider first the space extrapolation type of boundary condition
Usl' =2075" = U3, (7)
where j=0 is the boundary point. Substituting Eq. (5} into Eq. (7) we obtain the
resolvent equation
k—1)¥=0 o k=1 (8)
Using Eq. (8) in Eq. (6) gives
z=1-A*1—cosn)+ilsiny
or
|z =1 —24*(1 —cos 1) + A*(1 — cos #)* + A% sin? 1.
The “worst” case is for A = 1/1/2, leading to
lzP=1—3(1—cosn)’< 1. 9)
We thus arrive at our

RESULT 1. The 2-D Burstein scheme (Eq. (4)), under implicit boundary condition
(7) is stable.
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Note, however, that boundary condition (7) is not the only way to generalize the
analogous 1-D condition

Ut =2unt — ynt, (10)

Boundary condition (7) is a generalization of Eq. (10) which is taken in a direction
normal to the boundary x = 0. A more general analogy to Eq. (10) would be taken in
a skewed direction, for example

Ugh' =2UT04 — Uikl (11)

In fact, sometimes such “skewed” extrapolations are indeed used. For example, if a
shock wave intersects the boundary at some angle, near the intersection skewed
extrapolation is sometimes used to avoid differencing across the shock. We now ask
what is the effect of Eq. (11) on the stability of the Burstein scheme (Eq. (4)). Using
Eq. (5) in Eq. (11) we get

(k" —1)»=0 or Kk=e " (12)

We shall now show

RESULT 2. The 2-D Burstein scheme (Eq. (4)) under skewed boundary condition
(11) is unstable.

It will suffice to provide a counterexample to stability. Take # =7, ie., from
Eq. (12), ¥ =—1. Equation (6) becomes z =1 since siny =0 and cosy=—1. We
thus have to invoke the perturbation procedure around x = —1, z = 1. Set

z=1+e¢, K=-—1—-¢

and substitute into Eq.(6). A simple calculation shows that &= +(/2/1) /¢ +
O(e/A?), and we have instability.

Another type of boundary condition considered in [8, 9] was the space time
extrapolation

Urtt=2ur -yt (13)

Its “normal” and “skewed” generalizations to the two-dimensional case are, respec-
tively,

Usi' =201, = U3L! (14)
and
Usi' =2U7 4o, — Us o, (15)

leading to k = z and k = ze ™" respectively. Computations analogous to those carried
above yield similar results; namely,
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RESULT 3. The 2-D Burstein (Eq. (4)) scheme under boundary condition (14) is
stable.

RESULT 4. The 2-D Burstein (Eq. (4)) scheme under boundary condition (15) is
unstable.

Next we consider the two step 2-D MacCormack scheme [12],
U= Ul + MU o= Uj) + AU iy = UJ ),
Ui = Ul + MUS— UF ) + AU — Uy )
Uik = 3(Uj, + U,
U= Ut + AU = U Y + AU = Un D, (16)
Ulle=Ulu + MU i = UL + AU ks = Uj),
Uk = 3(U5% " + Uj5),

which is stable for the pure initial value problem under the condition A < 1.
Substituting Eq. (5) into Eq. (16) gives the characteristic equation

z=(1+ (A/2)(x — (1/K)) + (A2/2)(k + (1/K) — 2))(1 + id sin 7 — A2(1 — cos 7).
(17)

Modal analysis carried out as above yields

RESULT 5. The MacCormack scheme (Eq.(16)) is stable under all the above
mentioned boundary conditions (Egs. (7), (11), (14), and (15)).

STABILITY OF THE TwoO-DIMENSIONAL IMPLICIT SCHEMES

The 2-D implicit backward Euler scheme that solves Eq. (3) may be written as
Ui = Ul + 4t + 0,1,) UT (18)
Usually, however, it is put in a time split, or approximate-factorization form'
(1 — At )1 — At d,u,) Ut = U}, (19)
Substituting Eq. (5) into Eq. (19) gives the characteristic equation

z[1 = (A/2)(x — (1/x))][1 — iA sin ] = 1. (20)

"It may be shown that all forthcoming results hold also for the nonsplit form of the difference
equations. Also, putting Eq. (19) in the detta-form will not change the linear stability considerations.
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We now consider Eq. (20) under the various boundary conditions of Egs. (7), (11),
(14), and (15). The computations for the case of Eq. (7) are trivial and we get from
Eq. (20)

z(l —iksing)= 1. 2

For n =0, Eq. (21) reduces to the 1-D case that was shown to be stable [8]. For
0 < # < m, the factor (1 — il sin #) is greater than 1 in magnitude and hence |z| < 1
for that case. There remains to examine the case n =z, in which case we get
z =k = 1. The perturbation procedure of putting z=1+4¢, k=1+4, y =7 into
Eq. (20) leads directly to € = Ad and hence to our

RESULT 6. The 2-D backward Euler scheme (Eq. (18)) under boundary condition
(7) is stable.

Next consider the skewed extrapolation (Eq. (11)), i.e., k =e ™, and take # =,
i.e.,, k= —1. We find again that z= 1. Now we have to perturb about z = 1, k = —1,
n = n. Substituting z=1 + &, ¥ =—1 — ¢ into Eq. (20) gives ¢ = —1J and thus,

RESULT 7. The 2-D backward Euler scheme (Eq. 18) under boundary condition
(11) is unstable.

Next consider the space-time extrapolation (Eq. (14)). Again, since the factor
(1 —iA sin ) is at most unity, the 1-D analysis holds and we have

REsSuLT 8. The 2-D backward Euler scheme (Eq. 18) under boundary condition
(14) is stable.

For the skewed space time extrapolation (Eq.(15)) we put (for n=mn)
z = ke "= —x. Substitution into Eq. (20) yields a quadratic equation in z whose
solutions are z =1 and z =—1 — (2/4). Since |x| =|z|, the second root is stable, but
we also have to investigate once more the case z = 1, k = —1. The calculation is iden-
tical to that which led to Result 7 and thus we have

RESULT 9. The 2-D backward Euler scheme (Eq. (18)) under boundary condition
(15) is unstable.

The 2-D implicit Crank—Nicolson scheme has the following time-split form:
(1 =441 5,0 )(1 = 340 8,,) USi' = (1 + 340 6,0 )(1 + 341 5,u) UYL, (22)
Using Eq. (5) leads to the characteristic equation
z(1 — 3A(k — (1/k)))(1 — 2ik sin ) = (1 4 3A(x — (1/x))(1 + Lidsiny).  (23)

Analysis completely analogous to that carried in the preceding section gives also
analogous results, namely,
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ResuLT 10. The 2-D Crank—-Nicolson scheme (Eq.(22)) under boundary
condition (7) is stable under the one-dimensional restriction of A =2 [9].

ResuLT 11. The 2-D Crank—Nicolson scheme (Eq.(22)) under boundary
condition (11) is unstable.

REesuLT 12. The 2-D Crank—Nicolson scheme (Eq.(22)) under boundary
condition (14) is stable.

REesuLT 13. The 2-D Crank-Nicolson scheme (Eq.(22) under boundary
condition (15) is unstable.

SUMMARY

The present study applies modal analysis to the two-dimensional linear wave
equation in half space in order to investigate the effect on numerical stability of
outflow-type boundary conditions.

The boundary conditions under investigation may be considered as 2-D
generalizations of 1-D conditions which were studied by Gustafsson and Oliger [8].
This generalization is not unique. Thus, for example, the space-time extrapolation in
1-D, Eq. (13), may be considered as extrapolation along the characteristic. The true
characteristic extrapolation in 2-D is the skewed boundary condition of Eq. (15), but
we also consider its projection on the x — ¢ plane, Eq. (14).

We consider the boundary conditions for four typical algorithms. Two of them are
explicit (Burstein and MacCormack) and two are implicit (backward Euler and
Crank—Nicolson).

The major results may be summarized as follows:

(i) The boundary conditions of Egs. (7) and (14) in which the extrapolation is
taken normal to the y-t plane are stable for all cases. In this sense they seem to be the
proper generalization from the 1-D case.

(ii) The boundary conditions of Egs. (11) and (15) in which the extrapolation
is taken along the characteristic (Eq. (15)) or its projection on the ¢-constant plane
(Eq. (11)) are unstable for all schemes except the split MacCormack. This may be
explained by noting that for the pure initial value problem the Burstein, backward
Euler, and Crank—Nicolson algorithms are not dissipative at the point {=n=m; ¢ 7
being the dual Fourier variables. The MacCormack scheme, however, is strictly
dissipative, i.e., its amplification factor G is less than unity for all 0 < & n < (at
¢ = n =0 consistency demands that G = 1).

Gas dynamic computations require solving sets of nonlinear equations represented
by Eq.(3). It is expected, however, that the results of the modal analysis of the
linearized model equation will help in the selection of stable numerical boundary
conditions. A parallel study at MIT by Thompkins and Bush [13] is presented
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elsewhere in these proceedings. The study involves the solution of the 2-D Euler
equations for cascade geometries using a backward Euler scheme which is uncon-
ditionally stable for the linear pure initial value problem. When some extrapolation
boundary conditions are done explicitly, the computations are unstable for Courant
numbers exceeding about 2. When all extrapolation boundary conditions are done
implicitly and normal to the boundary (i.e., not skewed), however, stability is
improved to the point that the maximum practical Courant number is limited by
other factors. In an unpublished study by Thompkins and Tong, calculations for the
same geometry and equations but using the explicit MacCormack scheme have shown
that the characteristic extrapolation normal to the boundary (represented by Eq. (14)
in the present study) is stable. These computational results in agreement with the
modal analysis are encouraging.
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